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Dynamic model for the popularity of websites

Chang-Yong Let* and Seungwhan Kifm
!Department of Industrial Information, Kongju National University, Chungnam 340-800, South Korea
2Basic Research Laboratory, Electronics and Telecommunications Research Institute, Taejon 305-350, South Korea
(Received 9 October 2001; published 1 March 2002

In this paper, we have studied a dynamic model to explain the observed characteristics of websites in the
World Wide Web. The dynamic model consists of the self-growth term for each website and the external force
term acting on the website. With simulations of the model, we can explain most of the important characteristics
of websites. These characteristics include a power-law distribution of the number of visitors to websites,
fluctuation in the fractional growth of individual websites, and the relationship between the age and the
popularity of the websites. We also investigated a few variants of the model and showed that the ingredients
included in the model adequately explain the behavior of the websites.
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[. INTRODUCTION finding suggests that most of the data traffic in the web is

diverted to a few popular websites. This power-law distribu-

The information era is emerging from the Internet and thetion of the popularity for websites is one of the characteris-

World Wide Web. As this new era emerges, many aspects dfcs of the Internet web market. The Internet web market

social, economic, and academic life are rapidly changing. Ircontrasts with the traditional equal share markets in which

particular, the World Wide Wethereafter referred to as “the the transaction cost and geological factors play important

web”), an important application on the Internet, is no longerroles. Moreover, the analysis of empirical data shows a few
confined to researchers in universities and research institutesdditional characteristics for the number of visitors to web-
Its usage has been extended to many fields of interest, sugltes: first, the distribution of visitors follows a power law

as, education, advertisement, and especially electronic conyith different exponents depending on the category of web-

merce. Due to the development of the network technologiesjtes. More specifically, for the “.edu” domain sites the ex-
and the reduced cost for information exchange via the '”terponent,leAS and for all website®=2.07. This shows
net, it is expected that the usage of the Internet will be aCy4t the exponent of all websites is greater than that of web-
celerated in the future. This expectation of accelerated usa es in specific categories. Second, the fluctuation of the

has manifested itself through exponential increases in th rowth rate in the number of visitors for each site is uncor-

Innlf[g]rgg[i]f computers as well as websites connected to threlated. Third, the older websites do not necessarily have

As the Internet plays an important role in our presentmore visitors th_an younger ones. That is, site popularity and
society, research on the Internet becomes more and mof¥€ are only slightly correlated. .
active. In particular, the study of the characteristics of web- UPON these observations, a study has been carried out by
sites and their dynamical phenomena has become recogniz&gamic and Hubermaf8] to explain these characteristics. In
as a new field of research. Aside from the technical undertheir study, they used a stochastic growth model and derived
standings of the Internet and the web, this new field can b&he power-law distribution. In the proposed model, however,
regarded as an “artificial ecological system” of which many the number of websites is not exponentially increasing but
interacting agents, or websites, are composed. As is true f&onstant in time. Since the number of websites is in reality
most complex systems, size and dynamical variations makgrowing exponentially, this is an important factor in the dy-
it impractical to develop characteristics of the web determin-hamics of the websites. Thus, it is desirable to have a model
istically. that includes the exponential growth in the number of web-
Despite the fact that the web is a very complex systemsites.
seemingly an unstructured collection of electronic informa- The web ecological system is subject to complex influ-
tion, it is found that there exists a simple and comprehensiblence among agents and may belong to a dynamic system that
law: the power-law distribution. According to the researchcan be modeled statistically. When the system is treated sta-
[2] based on the web search engines, the probability distritistically, the predictable dynamics of the system, subject to
bution of the size of websites, that is, the number of pagesll possible influence, can be handled via a stochastic pro-
per site, follows a power-law distribution. This power-law cess. The price we pay for introducing the stochastic factors
distribution implies that most of the websites have fewinto the system is the sacrifice of complete predictability.
pages, while only a few websites have many pages. Unlike thermodynamics, which describes macroscopic sys-
Another important finding is that the number of visitors to tem without the structure or dynamics of the system, the web
websites also exhibits a power-law distributip8]. This  ecological system is formed out of not only interacting, but
also interdependent parts. In the dynamics of the system, the
fine-scale details may influence large-scale behavior.
*Email address: clee@kongju.ac.kr Complex systems, in general, are composed of interde-
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pendent agents that have many degrees of freedom, whose dN(t)
time dependence can be very slow on a microscopic scale. W:)\ dt, (4)
While the microscopic dynamics of the system is rapidly

changing and complex, the macroscopic behavior of the sySyhere \ is the growth rate of the number of websites. To
tem can be described to be as simple or even static. Theyplement this exponential growth, we discretize time and
origin of this simplicity stems from an average over the fastizke At as the time step such that withixt a new website
microsco_pic variable on the time scale of the macroscopi¢.an be added into the Internet with the probabilt§t) A At.
observation. That is, in each time stefit, on the average, the number of

In this paper, we investigate the characteristics of thgne websites will be increased at tirhéy an amount
number of visitors to websites and the dynamical properties

among competing websites by establishing a theoretical AN(t)=N(t+At)—N(t)=N(t)AAt. (5

model and simulations with it. In particular, we focus on the

result of empirical data analysis carried out in Rgf]. In ~ We further assume that no two websites can be created

doing so, we first build up a stochastic model for the numbewithin At.

of visitors to the websites, and then carried out both numeri- Now, let us determine the coefficienés; and A;;. The

cal and analytic calculations. first term on the right-hand side of E() is the growth term
This paper is organized as follows. In Sec. Il, we establistof the websité with the growth rated;; . The implication of

a model from general principles of the websites dynamicsthis term is that once a website is created the website will be

This is followed by the results of numerical simulation andknown to more users, in consequence, more users visit the

approximated analytic calculations in Sec. Ill. A few possiblewebsite as time progresses. As a result, in two successive

variants of the model and their results are discussed in Setime periods the increase in the number of visitors is propor-

IV and the last section is devoted to the summary and contional to the number of visitors to that site. We also assume

clusions. that each website would grow with an equal rate so that the

coefficientA;; could be set to the same irrespective of the

website. This assumption is valid if there is no other factor

affecting the growth of a website. Furthermore, the coeffi-

In general, a dynamical system can be described sche&ientA;; can be absorbed with an appropriate rescalini;of

Il. MODEL

matically as so that one can s&;;=1 for all i.
The second term on the right-hand side of E3).can be
dX;(t) . regarded as an “external force” acting on the websit€he
—ar X, (1) coefficientA;; should include the following. First of all, the

force has to be global, that is, the websitexperiences a

- force from all the other websites. Since websites distributed
whereX represents the state of the system and takes valugger the Internet can be accessed by a few clicks of a button
in the state or phase space. In the present case, [5], accessing a website does not depend on the geographical

={Xi(1)},i=1,2,... N(t), andX;(t) is the number of visi- degree of freedom. The result is that there is no spatial limi-

tors to the websité at timet. The form of thef;(X) can be tation. Second, the force should include environmental
expanded, in the powers &f’s, as changes in the Internet, such as, the bandwidth, Internet tech-

nologies, and topology. Since it is difficult to take these

. changes into account explicitly, we describe the influence of
fi(X)=ai+ 2 AjXj+ 2 BimX Xmt -+, (2)  the environmental changes via a stochastic process. The en-
! m vironmental fluctuations, in essence, can be modeled as a

) , random process, thus it is convenient to express these as a
wherea; is some constant, and; andB;,, are appropriate  Gaussian white noise process

coefficients. Assuming that the lowest-order terXimlays — nore specifically, duringAt, all factors for the environ-
the most important role in the dynamics, we take the firsiyang) fluctuation are absorbed into a stochastic noise, which
nonconstant term in Eq2). After absorbing the constant |eaq4s 1o a stochastic differential equation in time step
terma; into X;, Eq. (1) can be rewritten as That is, we lump all environmental influence on websites

dx during At into a stochastic variable. Thus, we can write
i
e A 2 A @ A (A + e (1), ©®)

. . - L where « is a time-independent parameter representing the
Before trying to determine coefficienfs; and A;;, it is

important to take the increase of the number of the website%cr):ﬁg ?gggtgﬁ:gcig:iczeegt[;ngthand 7;(t) Is & Gaussian
into account, for it is known that the number of websites

connected to the Internet is not constant but increases expo-  (7;(1))=0 and (7;;(t) ()= 8(t—5) &y ;. (7)
nentially [4]. Since the number of websitéé(t) at timet

grows exponentially in time)(t) satisfies, in the continuous Note that we se{A), time averaged strength, to zero for
time limit, simplicity. One more ingredient that we take into consider-
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FIG. 1. Log-log scale plots of cumulative distribution functions  piG_ 2. Log-log scale plots of cumulative distribution functions
of the number of visitors for the total number of websites at the enchf the number of visitors fork=0.5 (), «=1.0 (O), and
of simulationsN;y5;= 1000 @), N;oia1=2000 ©), andN;g;4
=5000 (A). The dotted line has slope0.5, and all quantities are
dimensionless.

=2.0 (A). All quantities are dimensionless.

tion as CDF,C(x)«x™ %, with @=0.5. Since the empirical
Lo o exponents were obtained from probability density function
ation is the normalization factor. We assume that the externaHDDF) P(x) of the number of visitors to the websites, we

force strength acting on the websitdepends on the number peeq 10 differentiate CDF with respecttdo get PDF. That
of websites influencing the websiteThe physical implica- ;¢ P(x) =dC(x)/dx. Thus, we obtain a power-law probabil-

tion of this assumption is that as the number of websiteﬁz[y distribution, P(x)=x~# with an exponent3~1.5. One
increases, the “effective” force strength from each Webs'tecan see that the distribution of the number of visitors to
onto the websité decreases. Thus we take— «/N(t).

With thi hasti £ th Lt websites follows a universal power law with the same expo-
Ith this stochastic nature of the external force term to'nent,B irrespective of the total number of websitNg,; -

ggther with the (_axponential growth Of. t_he number of yvgb- To see the effect of the force strength, we carried out
sites, the dynamics of the number of visitors to the welisite simulations with different force strengths while keeping

can be expressed as the other parameters fixad(,;;;= 2000 and\ =0.5). As can

N(Y) be seen in Fig. 2, the results for differenfall into the same
%ZX_JF K S (X ®) distribution, thus one can infer that the exponent of the
At NG 7 i I power law does not depend on the force strength

The force term in the model is responsible for the fluctua-
whereA X;(t) = X;(t+ At) — X;(t), andN(t) satisfies Eq(4). tion of the number of visitors to websites. It is found in Ref.
From this model, one finds that there are two parameters, [3] that the fractional fluctuation in the number of visitors for
and\: « being the noise strength andbeing the growth & given website are uncorrelated to each other. To show this,
rate of the number of websites. Since the number of website4€ plot in Fig. 3 the quantity
in the model is not constant but increases in time, it is not

easy to solve the coupled dynamic equation analytically. g(t)= X(t+At) —X(t) ©
B X(t) '

I1l. SIMULATION RESULTS
as a function of the time. This random fluctuation of the

With the dynamic equation of Eq8), we perform nu- fractional growth can be verified in terms of the autocorrela-
merical simulations. In the simulation, we start with a smalltion. The calculation of the autocorrelation function shows
number of websitegsay,N(0)=10] and at every time step that the fractional fluctuation is linearly uncorrelated. It
At, a new website is added to the system with the probabilityshould be also stressed that this uncorrelated fluctuation is
N(t)AAt, allowing interaction with websites already presentindependent of the force strengthas well as the growth rate
in the system. \.

Figure 1 shows cumulative distribution functiofGDF) One important question in the dynamics of the web, as
of the number of visitors to websites with different numberwell as other networks in general, is the correlation between
of websitesN,q4,, Which is the total number of websites at age and popularity. That is, the correlation between the time
the end of each simulation. That is, we carry out each simuat which a website is created and the number of visitors to
lation until N(t)=N;.a is satisfied. In the simulation, the the website. It is argued in Refs3,6] that age and site popu-
growth rate and the force strength are held fixed&s0.5 larity are only slightly correlated, while there is an evidence
and k=2.0. From Fig. 1, one can get a power-law distribu-that correlated tendency does exist once popularity is aver-
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FIG. 3. Fractional fluctuations in the number of visitors as a

function of time. All quantities are dimensionless. FIG. 5. Time evolution of the number of visitok§(t) for web-

sitesi=10 (), 50(0), and 100\) added to the system. The

. . . ordinate is in the logarithmic scale with the natural base and the
aged over the same ag@]. To investigate the correlation gotted line has slope 1.0. All quantities are dimensionless.
between age and popularity in our model, we calculate
Spearman’s nonparametric statistig§8]. The statistics is a of the time with parameterdl,,, = 2000, x=1.0, and\
rank-correlation method and is essentially the sum of the- 5 From Fig. 5 one can obtain an approximate differen-
squared difference between each pair of ranks, which conyg| equation forx; as
sists of ranks of age and its popularity. This statistics takes
values—1=<rs<1: r=1 being the total correlatiom,s= alnX;(t) aX;(t)
—1 being the total anticorrelation, amg=0 being no rank a0 @ or, ot ~Xi, (10
correlation. We calculateg for various values ofk with \
=0.5 andNyq4=1000. From the results shown in Fig. 4, it \yhereq is estimated from Fig. 5 as~1.
is easy to see that bigger the force strengtHess the cor- Comparing Eq.(10) with Eg. (8), one can see that the
relation will be. Following this and the above results, oneforce term in Eq(8) just introduces fluctuation of the num-
can conclude that the force strength plays an important rolger of visitors and plays little role in the growth dynamics of

not only in the fluctuation of the number of visitors, but alsohe number of visitors to the websites. The solution of Eq.
in the correlation between age and popularity. (10) is given as

The power-law distribution observed in Figs. 1 and 2 can
be derived analytically with an appropriate approximation. Xi(t)=mpet 1), (1)
Following the procedure similar to R¢B], we plot in Fig. 5
the number of visitorX;(t) to various websites as a function wherem,=X;(0), andt; is the time at which the websitds
added to the system. Equati¢hl) implies that older web-

14 sites (smallert;) increase their visitors at the expense of
I younger oneslargert;); “rich-get-richer” phenomenon that
07 i was observed in the dynamics of the various netw§@s
09 The probability that a websitehas visitors smaller thax
8 P(X(t)<x), can be written asP(t;>7), where 7=t
8 o8- —In(x/my). Note thatP(t;=<7) is the probability that the
& websitei can be found in the system up to time and the
@ 07 number of websites increases exponentially with the xate
& 06 Therefore, the desired probability is just a fraction of the
g number of added websites up to timéo the total number of
[ . .
& 051 websites up to timé. Thus we have
044 P(t;>n)=1-P(tj<7)=1—e "1, (12)
o2 s s 4 & & 4o where\ is the growth rate of the number of websites. With
force strength the above, we get
FIG. 4. Spearman’s statistics, as a function of the force P(X(t)<x)=1—(mg/x)*, (13
strengthx. Error bars are the standard deviation of ten independent
trials. All quantities are dimensionless. which yields
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IP(X;(t)<x 1007
P(x)= Mux—(lﬂ), (14) ]
dX ] .
] e
from which the exponent of the power-law distribution can ; ™

be obtained ag=1+\. This result is consistent with the
simulation results shown in Fig. 1, in which we obtaingd
~1.5 withA=0.5.

From the above result, we infer that the exponent in the
power-law distribution depends only on the growth rate L
the higher is the growth rate, the greater the exponent. Thisz mh
relationship betweem and \ also explains dependence of B
the exponent on the category of the websites that are ob
served in the empirical study8]. In Ref.[3] it was found
that for the “.edu” category the power-law exponept —— T T — —
=1.45, while for all categories the expong®t=2.07. Since 0.01 0.1
the growth ratex of all categories is greater than that of one number of vistors
specific category(“.edu” category for instancg the expo- FIG. 6. Log-log scale plots of the distributions of the number

nent for overall websites should be greater. This explaingg yisitors. The dotted line has slopel. All quantities are dimen-
why the exponent for overall websites is bigger than that forjgnless.

“.edu” sites.

mber of websites
’ L]
[ ]
E a

Xi(t)=mget "1, (16)
IV. VARIANTS OF THE MODEL
é(vherem0=xi(0) andt; is the time at which the websites
dded to the system. Following the same argument as the one
the preceding section and taking into account the fact that
e number of websites added to the system is proportional
et\ge,the number of time step, we have

The characteristics of the dynamics of the websites w
explored, indicate that the exponential growth of the numbef*
of websites and the stochastic nature of the external forc
play an important role in the websites dynamics. To sho
that these ingredients are necessary, we investigated a f
variants of the model.

The first variant replaces the stochastic noige) with
guenched one. With this variant, even though we still ob-_ .
tained the power law, no fractional fluctuation in the growth 1 IS yields
rate is seen in the dynamics of the websites. In addition, with
the quenched noise, one finds a strong correlation between X) = aP(Xi(t)<x)o(
age and popularity. That is, older websites necessarily get IX
more visitors.

The second variant of the model includes a linear growtH-rom the above analysis, one finds that even though the lin-
of the number of websites in time. To implement this, weear growth model give rise to a power-law distribution, the
start with a small number of the websitesy, my= 10), and
at every time step\t we add a new website allowing inter-
action with the websites already present in the system. Thu:
afternAt time step, we haveny+n websites in the system. 1xe°
Figure 6 shows the distribution of the number of visitors to
websites withk =2.0 andN;,5,=2000. As can be seen from
Fig. 6, we have a power-law distribution with exponght
~1. Note also that this result is independent :ofas we
expect.

To derive the above exponent analytically, we carry out a
procedure similar to the one in the preceding section. We plo
the number of visitor(t) to different websites as a func-
tion of the time and the result is shown in Fig. 7. From Fig.
7, the logarithmic rate at which a websitacquires visitors 1x6° -

can be expressed approximately as T T T T T T T T T T
02 00 02 04 06 08 10 12 14 16 18 20 22

P(t;>71)=1—7/t=In(x/m). 17

x L. (18

1xe” o

er of visitors

nurmb

alnX; time
: (15) . . .
at FIG. 7. Time evolution of the number of visitok§(t) for web-

_ ) ) ) sitesi =10 (), 500 (O), and 1000 {\) added to the system. The
wherea is estimated asr~1. The solution of the equation ordinate is in the logarithmic scale of the natural base and the dotted
again becomes line has slope 1.0. All quantities are dimensionless.

— =~
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exponent is fixed withB=1 and cannot account for the dif- proximation we formulated the exponent in terms of the
ferent values of the exponent for different categories of thegrowth ratex and confirmed the simulation results.
websites. Thus the key ingredients in the dynamics of the websites
are the following. First, there is a global interaction in terms
V. SUMMARY AND CONCLUSION of the stochastic force strength among websites with which
) ) ) o - one can view the web ecology as a competitive complex
In this paper we investigated the origin of the empirically system. Second, the web ecological system stays in nonequi-
observed power-law distribution of the number of visitors t0jihrium in the sense that the number of the websites in the
vyebsnes. In ord_er to explain th_e characterlsycs _of the WebSystem is not fixed but exponentially increased. These two
sites, we established a dynamic model, which includes thggredients in the web ecological system lead to the charac-
following: the growth of an individual website, the external tgristics of the system.
forces acting on each WebS|t_e, an(_j the exponential growth of Needless to say, that this approach is not the unique way
the number of websites. Using this model, we were able tqg explain the power-law nature of the dynamics of the web-
show most of the characteristics of the dynamics of the websjtes, Other approaches that lead to the same characteristics
sites, such as, power-law distributions of the number of visixf the dynamics of the websites are possible and one candi-
tors to websites and the fluctuation in the individual web-gate model might be the one in which the interaction among

site’s growth. Moreover, we found that the exponentialyepsites are included. This could be one of the possible di-
growth ratex of the number of websites determines the eX-rections of research in this field.

ponent B in the power-law distribution: the higher the
growth rate, the bigger the exponent. It was also found that
although some variants of the model are quite possible, these
did not exhibit any observed characteristics of the websites. This work was supported by Grant No. R02-2000-00292
We also performed an analytic calculation and compared thom the Korea Science & Engineering Foundati@O-
result with that of the numerical simulations. Within the ap- SEB.
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